We determine the proton and electron radii by analyzing constructive resonances at minimum entropy for elements with atomic number Z ≥ 11.We note that those radii can be derived from entropy principles and published photoelectric cross sections data from the National Institute of Standards and Technology (NIST). A resonance region with optimal constructive interference is given by a principal wavelength λ of the order of Bohr atom radius. Our study shows that the proton radius deviations can be measured. Moreover, in the case of the electron, its radius converges to electron classical radius with a value of 2.817 fm. Resonance waves afforded us the possibility to measure the proton and electron radii through an interference term. This term, was a necessary condition in order to have an effective cross section maximum at the threshold. The minimum entropy means minimum proton shape deformation and it was found to be (0.830 ± 0.015) fm and the average proton radius was found to be (0.825 − 0.0341; 0.888 + 0.0405) fm.
Introduction
The so-called proton radius puzzle was born when electron scattering experiments or atomic spectroscopy gave different value for the radius of the proton when compared to a muonic experiment [1] [2] [3] [4] . In the last experiment, the lamb shift was measured when the muon orbits a proton, allowing for a proton radius measurement. Other experiments included a Deuterium spectroscopy and muonic Helium. It was found in the former that the deuteron radius is smaller when measured in muonic deuterium, as compared to the average value using electronic deuterium [5] [6] [7] . There are also plans to simultaneously measure the scattering of electrons and muons at Muon Proton Scattering Experiment (MUSE) [3, 6, 7] .
In light of modern quantum theory, the boundary of compact support of the mass distribution of a particle, just like the location of an electron, cannot be specified precisely. However, it is still advantageous to conceptualize an atomic system in classical terms, especially for specific energy environments wherein best-fit classical parameters are measured. The electrons in the atomic K-shell orbit much closer to the nucleus than other shells. At low energy (up to 0.116 MeV), it is well known that the photoelectric effect is more important than other effects for most elements on the periodic table [8] , We can see different peaks of photoelectric absorption being the strongest ones due to electrons located in the K-shell. Somehow, the system formed by electron, photon and nucleus interacts strongly in the K-shell when compared to other shells. The data base at the National Institute of Standards and Technology (NIST) [9] contains the tabulated photoelectric peak cross sections for every element on the periodic table. Resonance is a very general phenomenon in nature, but many times, we seem to ignore its existence. Resonance is discoverable when the energy in a system changes This paper is a generalization of the Bragg's law of diffraction to a nuclear level, since it has an atomic foundation. We incorporated probability theory together with cross sections and found that a resonance wavelength allows us to obtain the proton and electron radii. The traditional Bragg's law, which has an atomic range, contributed to the science of X-rays crystallography and solid state materials. The Bragg's law will help us to study the surface and nuclear structure.
Our study of minimum entropy is based on the distribution of scattering cross section areas of systemic atomic resonances, or more specifically, K-shell resonances. During those resonances we have an optimal transfer of the energy at minimum entropy. From the analysis of our results, we can conclude that a stable atom has evolved, or is equivalent to a state of minimum entropy. In fact, according to the Kakutani fixed point theorem, we can consider that each stable atom has its own fixed point. Small perturbations, like the photoelectric effect, may disturb the atom. Depending on the nature of the perturbation, the atom or system will either return to the original stable state, or it will divert and wander off, until a new fixed point is encountered. Evolution is then the process of moving to a more stable fixed point, through random perturbations, due to the quantum nature of the universe.
The quantum minimum entropy, according to Von Neumann, occurs in a coherent state that satisfies equality in the Heisenberg uncertainty principle, which is as follows: ∆x. ∆p = h/2π and ∆E. This paper is a generalization of the Bragg's law of diffraction to a nuclear level, since it has an atomic foundation. We incorporated probability theory together with cross sections and found that a resonance wavelength allows us to obtain the proton and electron radii. The traditional Bragg's law, which has an atomic range, contributed to the science of X-rays crystallography and solid state materials. The Bragg's law will help us to study the surface and nuclear structure.
Our study of minimum entropy is based on the distribution of scattering cross section areas of systemic atomic resonances, or more specifically, K-shell resonances. During those resonances we have an optimal transfer of the energy at minimum entropy. From the analysis of our results, we can conclude that a stable atom has evolved, or is equivalent to a state of minimum entropy. In fact, according to the Kakutani fixed point theorem, we can consider that each stable atom has its own fixed point. Small perturbations, like the photoelectric effect, may disturb the atom. Depending on the nature of the perturbation, the atom or system will either return to the original stable state, or it will divert and wander off, until a new fixed point is encountered. Evolution is then the process of moving to a more stable fixed point, through random perturbations, due to the quantum nature of the universe. The quantum minimum entropy, according to Von Neumann, occurs in a coherent state that satisfies equality in the Heisenberg uncertainty principle, which is as follows: ∆x. ∆p = h/2π and ∆E. ∆t = h/2π. Since each fixed point of a system is dynamic and always affected by random perturbations, we can have stochastic fluctuations and expectation values with maximum probability around the fixed point. According to the Noether perspective, a fixed point implies symmetry, where some magnitude is conserved [12] . We can therefore generalize Noether's theorem by saying, that at a fixed point, information is conserved and represents a state of minimum entropy. These concepts allow us to understand the boundary between classical and modern physics. For example, the de Broglie wavelength carries the minimum entropy regarding the information about the position and momentum. In the same way, Maxwell equations can be considered as the bridge between electromagnetic and quantum processes, only when everything happens at minimum entropy, or the information is conserved.
Theory
Resonance phenomena can be seen at low energy when X-rays interact with periodic table atoms. This is true when we analyze attenuation peaks, produced from low energy radiation interaction with matter [10, 11] , If we consider that resonance is a threshold phenomenon, we can find a specific wavelength λ where maximum energy is transferred from one photon to another electron or proton [10, 11] . In our analysis, low energy X-rays interacted with the atomic structure as a system and produced resonances. We also saw minimum increases of energy that produced more than 250% of the photoelectric effect cross section (σ m >> σ m−1 ) for a time t = m, and for each atom of the periodic table. When we considered resonance threshold frequencies, we found that the maximum variation of the cross section was located where the energy variation was minimum Min(E m − E m−1 ) or equal to zero during the same time interval, as follows:
The resonance phenomenon is an optimal process [10, 11] , in the sense that entropy is minimized. During resonance, system entropy should be minimum and can be measured when huge increases of atomic cross sections are detected. This last aspect is the result of interference phenomena between the atomic nucleus, X-rays and atomic electrons [13] [14] [15] [16] [17] [18] .
In order to have a clear understanding of how this process occurs, we are going to explain each one of the events. Those events are ordered and optimized naturally, in such a way, that a maximum value of the cross section is obtained for every atom between: 11 ≤ Z ≤ 92.
E1 Interaction of matter with radiation: The X-rays have a wavelength λ, and interact constructively with a given material, and as a result of this, a resonance is produced [11, 18] . E2 Constructive interference: There are constructive interferences among the X-rays and later on with the atomic nucleus or electron. This occurs only if r a ≈ r n + λ, where r a is the atomic radius and r n is the nucleus radius. E3 The resonance maximizes the total atomic cross section of the system. This resonance comes mainly from the nucleus since it has the largest interaction probability when compared to the electron: p n > p e , where p n and p e are the nucleon and electron probabilities, respectively [11, 18] . E4 The optimal cross section of the atomic nucleus depends on the proton radius r p . The proton radius will be measured indirectly through the atomic total cross section, which is a result of the interference between the nucleus (but always with a specific nucleon), X-rays and the electron [18] . p n + p e p n (σ 2 − σ 1 ) = Max(σ m − σ m−1 ) = 8πr p λ
In Equation (3), u (=1.6605402 × 10 −24 gr) is the atomic mass unit (1/12 of the mass of an atom of the nuclide 12C) [9] .
The attenuation coefficient, photon interaction cross sections, and related quantities are functions of the photon energy. The total cross section can be written as the sum over contributions from the principal photon interactions:
where σ pe is the atomic photo effect cross section; σ coh and σ incoh are the coherent (Rayleigh) and the incoherent (Compton) scattering cross sections, respectively; σ pair and σ trip are the cross sections for electron-positron production in the fields of the nucleus and of the atomic electrons, respectively; and σ ph.n . is the photonuclear cross section [9, 20] . We use data from NIST for elements Z = 11 to Z = 92 and photon energies 1.0721 × 10 −3 MeV to 1.16 × 10 −1 MeV, which have been calculated according to:
The probability of finding a proton inside the atom, and more specifically, inside the nucleus is given by P n :
The probability of finding at least one electron inside the atom is represented by Bohr's radius and is defined by:
where: r a is the atomic radius, r e is the electron radius, r n is the nucleus radius, and r p is the proton radius.
Resonance Region
A resonance region is created in a natural way at the K-shell between the nucleus and the electrons at S-level. The condition for the photons to enter into the resonance region is given by r a ≥ r n + λ. This resonance region gives us a new way of understanding the photoelectric effect. There is experimental evidence of the existence of resonance at K-level due to the photoelectric effect, represented by the resonance cross section provided by NIST for each atom. In the present work, we focus on resonance effects, but not on the origin of the resonance region.
Shannon Entropy
We will use Shannon entropy S, in the traditional way, as used in Statistical Mechanics since the Boltzmann era, i.e., with natural logarithms.
In Information Theory we use the logarithms of base 2, to represent bits of information. S = − ∑ m i=1 P i log 2 P i Both representations measure the state of evolution and order of the system. The entropy measures system characteristics, and system information. This description will be used in this paper. In summary, the entropy S represents the information and degree of order present in the physical system.
Shannon's entropy S measures the information of a system and is given by:
In order to have minimum entropy [21] [22] [23] [24] [25] [26] [27] , every part of the atom should have a shape and structure optimal in a way that the whole system works as one. The Equation (8) 
The Equation (9) will be used in order to minimize the entropy. 
The problem is solved using the KKT (Karush-Kund-Tucker) method [24] [25] [26] [27] . The Lagrangian is built in a traditional way L = S + µ(p n + p e − 1) with the constraint µ(p n + p e − 1) = 0.
After solving the Lagrangian, dL/dr p = 0, we obtain µ > 0 as follows: µ = −r a 2 2r p 2 r e 2 A = 1 (12) This implies that the minimum of the entropy has a solution, since µ is larger than zero, and Equation (10) has the solution. In other words, r p exists in the interval from 0.83 fm to 0.88 fm for every one of the atoms. In summary, the entropy is minimum for the minimum radii.
Equation (12) depends on the radii of the electron and the nucleon. From this equation we can solve for the proton radius for each element of the periodic table. We then obtain the theoretical limit of the proton radius according to Figure 2 .
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Equation (12) depends on the radii of the electron and the nucleon. From this equation we can solve for the proton radius for each element of the periodic table. We then obtain the theoretical limit of the proton radius according to Figure 2 . Once the limits of the proton radius had been established we found that they were in agreement with experimental values. Therefore, we can find the proton radius value of minimum entropy by using the following equation.
. .
(13)
Theorem 2. Resonance region. The resonance cross section is produced by interference between the atomic nucleus and the incoming X-rays inside the resonance region, where the boundaries are the surface of the atomic nucleus and K-shell.
The cross section of the atomic nucleus is given by:
The photon cross section in the K-shell depends on the wave length and the shape of the atomic nucleus: Once the limits of the proton radius had been established we found that they were in agreement with experimental values. Therefore, we can find the proton radius value of minimum entropy by using the following equation. 
min S =
Theorem 2. Resonance region. The resonance cross section is produced by interference between the atomic nucleus and the incoming X-rays inside the resonance region, where the boundaries are the surface of the atomic nucleus and K-shell. The cross section of the atomic nucleus is given by:
The photon cross section in the K-shell depends on the wave length and the shape of the atomic nucleus:
Subtracting the cross sections (14) and (15) we have:
The resonance is produced by interactions between the X-rays, the K-shell electrons and the atomic nucleus. The cross sections corresponding to the nucleus is weighted by probability p n and should have a simple dependence on an interference term. This last aspect depends on the proton radius r p , or the difference between the nucleus and proton radius (r n − r p ), according to the following relation:
We note that the left sides of Equations (17) and (18) should have a factor larger than one, due to resonance. The unique factor that holds this requirement is (p n + p e )/p n .
Due to physical reasons, the term that should be taken is 4π(2r p λ) because this is the only term that is in the boundary of the resonance region.
The reason that the cross section proton should be elliptical is because we can only measure one axis of the ellipse, and current experimental values are in the range of 0.83 fm to 0.88 fm.
It should be noted that the X-rays interaction is with a given proton located at the nucleus boundary. Therefore, the semi-empirical version of the Equation (17), which has been validated using experimental data from NIST and theoretical foundations, is then given by:
From Equation (19) we obtain that proton dimensions are given by the two principal axes of an ellipse, where the proton radius is defined by the relation r p 2 = ab.
We have therefore shown that we can verify Equation (19) using NIST data for each of the elements on the periodic table. The results for ellipse axis values and the proton radius [23] can be seen in Table 1 .
The region of effective cross section is produced by the interference between the atomic nucleus, the electrons in the K-shell, and the X-rays trapped inside the resonance box or region.
The effective cross section due to the presence of the electron in the K-shell is given by:
The previous cross section is the result of interference between the atomic nucleus and an electron in the K-shell, after an X-ray is reflected from the nucleus surface. This last reaction creates an effective cross section, which is a function of the wavelength and electron physical size:
σ r e +λ = 4π(r e + λ) 2 (21) If we subtract the effective cross sections from Equations (20) and (21) we have:
The last relation shows the resonance effect that is produced when the X-rays interact with the electrons. We then have constructive resonances between the X-rays, the electrons in the K-shell and the atomic nucleus. The corresponding fraction for the electron effective resonance cross section is given by:
Theorem 3. Electron and proton radii at minimum entropy.
Equation (17) shows that the cross section value of the electron (proton) could be the radius r e or any one of the measured axis a i , b i that are positive random variables, where: i =1 . . . n; r e 2 = a i b i .
Note that the axis and the cross section radius are variables that have quantum nature and are therefore treated as random variables.
If we consider that the electron radius is the geometric mean of the measured axis (a i , b i ), then we can apply the central limit theorem. This theorem states that the probability law of any mean value follows a Gaussian law.
The entropy of a normal density probability is given as the natural logarithm of the standard deviation s. This implies that the minimum value of entropy for the electron radius represents the minimum value of the electron radius standard deviation, min(H) = min(s), where:
If the electron has an elliptical cross section, then the minimum value of electron (proton) entropy implies minimal deformation of its effective cross section. minH(r e ) = mins(r e )
The condition of standard deviation minimum value at Equation (26) is true if and only if the electron (proton) radius is the average value of the random variables a i y b i . It is not possible to distinguish between the major axis or minor axis, because when the random variable a i increases, the other random variable b i decreases, or vice versa.
From the experimental measurement of one of the axes of the measured ellipse, let us say b i , we can calculate the average value of the same axis. This last aspect represents the minimum entropy electron (proton) radius.
The value of the other axis a i is obtained from the following equation valid for i = 1 . . . n:
The Equations (27) and (28) guaranteed that the standard deviation s(r e ) have a minimum value.
We note that a simultaneous measurement of the random variables a i , b i is not allowed by the uncertainty principle. Therefore, it is not possible for a straightforward measurement of the electron (proton) radius to occur, if the cross section has been deformed.
The measurement the electron (proton) radius is only possible when there is no deformation [14, 15] . This last statement is true, if for every i = 1 . . . n, we have:
During the time we measured the random variable b i , we introduced a perturbation in the momentum particle in the direction b i given by s pb . This last action created another perturbation in the variable a i .
It raises the question of whether or not it is possible to represent the electron in the K-shell and the nucleon as a system in equilibrium. The answer comes from quantum games theory. In this theory, protons and electrons are related through strategies, the energy and system probability laws, as a whole, and they cannot be determined specifically inside the atom. Using Equation (17), it is easy to understand that the effective resonance cross section is a function of the interference term, due to the electron and proton, which are weighted by the probability and atomic weight relation. The close relation of Equations (23) and (24) is transformed into the following equalities:
Note that Equation (33) represents a fixed point, which is a requirement in Nash equilibrium. The term A is the atomic weight of the respective chemical element and A R corresponds to the reference atomic weight. This last aspect has a value with minimum error for the proton and/or electron radius.
The Equation (34) is explicit and it fixed point represents the electron radius r e and has the following representation:
Once the electron radius is known, we can find the proton radius by using Equation (33). Note that if this equation holds for the electron, then its shape will be spherical.
The Equation (33) shows that the electron, and analogously, the proton, do not have a perfect spherical cross section. This is why the electron and proton radii cannot be measured and we can only distinguish one of the ellipse axes that represents the electron or the proton respectively.
The equations for the case that the electron and proton have an elliptical cross section, with axes b e y b p , are respectively:
Discussion of Results

1.
The cross section for the proton is dynamic. The proton is deformed and increases with the atomic weight A, due to nuclear force. Using the minimum entropy theory, we can calculate the optimal dimension of the proton radius and the conditions for the photon to be trapped in the resonance region corresponding to the K-shell. Once in this region, the photon interacts with the electron or with one of the nucleons. In this paper, we give a calculation method for the proton radius as a function of the resonance cross section. However, in a similar way, we can also obtain the electron radius, since the low energy X-rays are confined to the boundaries corresponding to electrons in the K-shell and protons in the nucleus.
2.
The proton shape corresponds to a sphere with two different error measurements in length axis. From the experimental cross section, we can obtain two axes, the larger and the smaller. From the experiment we only obtain one axis, which is in the range of 1.3 fm ≤ b ≤ 0.59 fm, where 1.3 fm corresponds to sodium Z = 11 and 0.59 corresponds to Uranium Z = 92. We can calculate the second axis by using the formula r p 2 = ab ( Figure 3 ).
3.
Considering minimal deformation, the most probable value for the radius of the proton is obtained by averaging the measured value for one of its axes. The value obtained this way was 0.851 fm.
4.
This model allows us to explain the mass absorption curves for low energy X-rays and helps us to interpret the photoelectric effect in terms of the interference of wave properties. The question about why the K-shell has more probability than the more external ones, can be understood in terms of the effects of the nucleus in the resonance region, and the same for the electron. Moreover, the photons that come into the resonance region only have a small probability of producing a primary photoelectric effect, and for this reason, the secondary effect is predominant.
The solid rigid shape of the nucleus is completely known in terms of its radius, with a precision given by:
The Equation (38) gives the functional dependence the nucleus radius r n in terms of atomic number A, Figure 3 . If we consider that the nucleons have a similar relationship, we then have: r p = (0.855 ± 0.0348) fm (39) However, from available experimental data we found that the range of variation of the proton radius is well below the corresponding nuclear radius.
According to our experimental values from Table 1 , the value of one axis, with one standard deviation, is given by:
The scale of variation of our data is given in fm, which is within the range of other laboratories.
5.
The entropy is minimum for the minimum proton radius for different atoms of periodic table.  See Figures 2 and 4 and Tables 2 and 3 . Table 3 . In Table 3 we have calculated the values for minimum entropy using the proton radius values (0.83 fm ≤ r p ≤ 0.88 fm). This was done for atoms with atomic number Z = 11 to Z = 92 and photon energies 1.072 × 10 −3 MeV to 1.160 × 10 −1 MeV.
ELEMENT
A Entropy
A S(0,83) S(0,84) S(0,85) S(0,86) S(0,87) S(0,88) Na 23 5.58 × 10 −9 5.67 × 10 −9 5.75 × 10 −9 5.83 × 10 −9 5.92 × 10 −9 6.01 × 10 −9 Mg 24 9.59 × 10 −9 9.73 × 10 −9 9.88 × 10 −9 1.00 × 10 4. This model allows us to explain the mass absorption curves for low energy X-rays and helps us to interpret the photoelectric effect in terms of the interference of wave properties. The question about why the K-shell has more probability than the more external ones, can be understood in terms of the effects of the nucleus in the resonance region, and the same for the electron. Moreover, the photons that come into the resonance region only have a small probability of producing a primary photoelectric effect, and for this reason, the secondary effect is predominant. The solid rigid shape of the nucleus is completely known in terms of its radius, with a precision given by:
The Equation (38) gives the functional dependence the nucleus radius rn in terms of atomic number A, Figure 3 . If we consider that the nucleons have a similar relationship, we then have:
However, from available experimental data we found that the range of variation of the proton radius is well below the corresponding nuclear radius. = (0.855 ± 0.025) fm (40) According to our experimental values from Table 1 , the value of one axis, with one standard deviation, is given by:
The scale of variation of our data is given in fm, which is within the range of other laboratories. 5. The entropy is minimum for the minimum proton radius for different atoms of periodic We can see from Figure 5 the existence of a close relationship with Figure 4 , which has been obtained from entropy principles only. This strongly suggest the idea of closed resonance regions inside the atoms. We can see from Figure 5 the existence of a close relationship with Figure 4 , which has been obtained from entropy principles only. This strongly suggest the idea of closed resonance regions inside the atoms. We can see that minimum entropy corresponds to a value of the proton radius equal to 0.83 fm. This result is in agreement with the experiments reported in the bibliography [2] [3] [4] [5] [6] [7] . We can see from Figure 5 the existence of a close relationship with Figure 4 , which has been obtained from entropy principles only. This strongly suggest the idea of closed resonance regions inside the atoms. The overlapping of the cross section for the nucleons is minimum, as we can see from the evolution of the probability interaction against the nucleus. This is a function of the atomic weight, Figure 6 . This is true when we consider the empty space in the atomic nucleus. This space can be seen from the difference between the minimal nucleon radius and the known proton radius, given by Equation (24). r p − r p * r p = 0.445785 (42) The overlapping of the cross section for the nucleons is minimum, as we can see from the evolution of the probability interaction against the nucleus. This is a function of the atomic weight, Figure 6 . This is true when we consider the empty space in the atomic nucleus. This space can be seen from the difference between the minimal nucleon radius and the known proton radius, given by Equation (24) . The classical electron radius, also known as Lorentz radius, is based on a classical relativistic model of the electron. Its value is 2.8179402894(58) fm.
1A. The meaning of Theorem 3. The electron is not a perfect sphere. The volumetric ellipse axes vary as a function of the atom and measurement where the electron is located. However, the electron radius converges to a value called minimum entropy. Such value is the geometric mean of the two axes of the effective cross section re 2 = ai bi.
Experimentally, it is possible to find through NIST tables, for chemical elements 11 ≤ Z ≤ 92, the values of each of one of the axes for the proton. In this way, we can obtain the most probable value of (0.853 ± 0.201) fm. This last value corresponds, in a logical way, to the value of the electron classical radius 2817fm. This last value is the one that is used as probability value.
1B. The second method to obtain the electron radius uses the same probability values that we found for the proton radius calculation. After using that information, we find the most probable value for the electron radius from Equations (33) and (34) and we get an experimental value in the range (2.75, 2.90) fm, Figure 7 .
2. The interference of X-rays with the electron creates an effective resonance cross section. This last result depends on the electron radius, or any one of the ellipse axes, according to Equation (23) . We have also analyzed the mass attenuation coefficients for elements with Z in the interval: 11 ≤ Z ≤ 92. The results are summarized in Table 1 .
In Table 1 we calculated the minimum entropy electron radius, which was traduced in minimal deformation of the effective cross section. Once the other axis is obtained, we can make the following plots. They show the limits of the minimum entropy values, the electron classical radius, the Broglie wavelength corresponding to electron and the Heisenberg uncertainty principle. Electron Results: Discussion and Analysis
1.
The minimum entropy electron radius corresponds to the classical electron radius.
The classical electron radius, also known as Lorentz radius, is based on a classical relativistic model of the electron. Its value is 2.8179402894(58) fm.
1A. The meaning of Theorem 3. The electron is not a perfect sphere. The volumetric ellipse axes vary as a function of the atom and measurement where the electron is located. However, the electron radius converges to a value called minimum entropy. Such value is the geometric mean of the two axes of the effective cross section r e 2 = a i b i .
Experimentally, it is possible to find through NIST tables, for chemical elements 11 ≤ Z ≤ 92, the values of each of one of the axes for the proton. In this way, we can obtain the most probable value of (0.853 ± 0.201) fm. This last value corresponds, in a logical way, to the value of the electron classical radius 2817 fm. This last value is the one that is used as probability value.
2.
The interference of X-rays with the electron creates an effective resonance cross section. This last result depends on the electron radius, or any one of the ellipse axes, according to Equation (23) . We have also analyzed the mass attenuation coefficients for elements with Z in the interval: 11 ≤ Z ≤ 92. The results are summarized in Table 1 .
In Table 1 we calculated the minimum entropy electron radius, which was traduced in minimal deformation of the effective cross section. Once the other axis is obtained, we can make the following plots. They show the limits of the minimum entropy values, the electron classical radius, the Broglie wavelength corresponding to electron and the Heisenberg uncertainty principle. We can see from Figure 7 the spherical electron radius together with its deformed cross section. Note that we still see the electron as sphere even if its cross section is deformed.
3. The uncertainty principle is applied in its most rigorous way, as follows:
The product of the standard deviation in position times the standard deviation in momentum. The standard deviation in momentum sp is calculated for each resonance energy. From Table 1 we will apply Equation (32). We can see from Figure 8 that electron radius for minimum entropy can be obtained geometrically from the area of the deformed ellipse corresponding to the cross section. Figure 7 . We can see that the electron cross section as a function of atomic weight A.
We can see from Figure 7 the spherical electron radius together with its deformed cross section. Note that we still see the electron as sphere even if its cross section is deformed.
3.
The uncertainty principle is applied in its most rigorous way, as follows:
The product of the standard deviation in position times the standard deviation in momentum. The standard deviation in momentum s p is calculated for each resonance energy. From Table 1 we will apply Equation (32).
We can see from Figure 8 that electron radius for minimum entropy can be obtained geometrically from the area of the deformed ellipse corresponding to the cross section.
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The product of the standard deviation in position times the standard deviation in momentum. The standard deviation in momentum sp is calculated for each resonance energy. From Table 1 we will apply Equation (32). We can see from Figure 8 that electron radius for minimum entropy can be obtained geometrically from the area of the deformed ellipse corresponding to the cross section. Also, we can see from the chemical elements table, the values of the ellipse axes corresponding to the effective proton resonance cross section (Figures 9 and 10 ). Also, we can see from the chemical elements table, the values of the ellipse axes corresponding to the effective proton resonance cross section (Figures 9 and 10 ). 4. From the experiment, the proton and electron radii have a functional relationship ( Figure 11 ). It is found that the proton and electron radii are limited by the values of the two measured axes: (0.825 − 0341) fm < rp < (0.888 + 0.041) fm y (2.75 − 0.15) < re < (2.82 + 0.16) fm.
If we rewrite the Equation (34) then we have the functional dependence between the radii of the electron and the proton as follows: Also, we can see from the chemical elements table, the values of the ellipse axes corresponding to the effective proton resonance cross section (Figures 9 and 10 ). 4. From the experiment, the proton and electron radii have a functional relationship ( Figure 11 ). It is found that the proton and electron radii are limited by the values of the two measured axes: (0.825 − 0341) fm < rp < (0.888 + 0.041) fm y (2.75 − 0.15) < re < (2.82 + 0.16) fm.
If we rewrite the Equation (34) then we have the functional dependence between the radii of the electron and the proton as follows: 
4.
From the experiment, the proton and electron radii have a functional relationship ( Figure 11 ). It is found that the proton and electron radii are limited by the values of the two measured axes: (0.825 − 0341) fm < r p < (0.888 + 0.041) fm y (2.75 − 0.15) < r e < (2.82 + 0.16) fm.
If we rewrite the Equation (34) then we have the functional dependence between the radii of the electron and the proton as follows: Figure 11 . Functional dependence between proton and electron radii.
Methods
We compiled all official information from the PML NIST division for elements from Z = 1 to Z = 92, for energies ranged (10 × 10 −3 MeV to 1.16 × 10 −1 MeV), corresponding to the K-shell. Using the Equations (8)-(10), and (16) we obtained the final results reported in Tables 2 and 3. Note that the photoelectric effect by resonance only starts to appear from Z = 11 to Z = 92.
Conclusions
We have presented a new method to extract the proton and electron radii by considering X-rays interference at low energy. Atomic resonances are only due to optimal interferences, which are maximum and occur at minimum entropy.
Our model predicts, within 5%, the theoretical electron radius and the inferred proton radius from recent reviews. During the analysis of atomic scattering data, we have assumed that the atom has spherical symmetry and disregarded states of non-zero angular momentum. We have also considered the proton and electron as classic particles with sharp edges, and used the term "orbit", even though it cannot be specified with precision. According to our results, those assumptions work very well at the low energy range. More accurate scattering data will be necessary in order to refine the model.
In closing, it is important to describe future applications of this model, such as the "femtoscope", which is a type of microscope that is able to measure items, up to the size of the nucleus, by using low energy probes. Another application to consider would be a better understanding of the absorbed radiation dose in tissues, also at low energy, which will enhance care management in cancer treatment. Figure 11 . Functional dependence between proton and electron radii.
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